Nano-scale confinement of polymer in cone-shaped geometries occurs in many experimental situations. A flexible polymer confined in a cone-shaped nano-channel is studied theoretically and using molecular dynamics simulations. Distribution of the monomers inside the channel, configuration of the confined polymer, entropic force acting on the polymer, and their dependence on the channel and the polymer parameters are investigated. The theory and the simulation results are in very good agreement. The entropic force on the polymer that results from the asymmetric shape of the channel is measured in the simulations and its magnitude is found to be significant relative to thermal energy. The obtained dependence of the force on the channel parameters may be useful in the design of cone-shaped nano-channels.
I. INTRODUCTION
Polymer confinement in nano-scale geometries has become a problem of interest in recent years. This phenomenon has applications in the design of nanotechnology devices, such as polymer separation, DNA sequencing, and protein sensing [1] [2] [3] [4] . It is also a ubiquitous phenomenon in biological environments. Packaging of the viral genome in the capsid [5] and its ejection into the host cell [6, 7] , translocation of RNA through nuclear pores and protein translocation across the endoplasmic reticulum are known examples [8] . Advances in the fabrication of nano-structures for polymer confinement have also lead to considerable achievements in polymer physics. Entropic effects on polymers arisen from confinement were first observed in 1999 [9] [10] [11] .
Polymer translocation is the passage of a polymer through a nano-pore in a membrane. To date, biological nano-channels have been used for DNA sequencing purposes; while solid-state nano-pores are of interest as a tool for single-molecule studies. The two protein channels used for DNA sequencing are α-hemolysin and MspA [12] . When DNA passes through the cylindrical part of the α-hemolysin channel, the ionic current through the channel depends on 10-15 nucleotides that reside inside the channel. However, the protein channel MspA has a conical shape and the ionic current depends on few nucleotides near the cone tip. Indeed, the electric field is focused in the tip of a cone shaped channel, which also pronounces the difference between the ionic current signals received from the four nucleotides [13, 14] .
For interaction between polymers and cone-shaped structures, other biological and technological examples can be counted: The HIV-1 capsid which confines its viral genome has a cone-shaped structure [15] , coating * nikoofard@kashanu.ac.ir of the conical nano-pores with DNA is used for tuning their ionic properties [16] , and asymmetric conical pores are shown to act as Brownian ratchets for colloids [17] and polymers [18] . In addition, there exist cases that the polymer is confined inside a cone as a result of interaction with the surrounding polymers [19] or a hydrodynamic flow [20] .
Polymers confined near surfaces and inside different geometries such as cylindrical and cone-shaped nanochannels, nano-slits and nano-spheres have been studied (Ref. [21] and references therein). Generally, confinement reduces the number of possible configurations of the polymer and causes its entropy to decrease. For a polymer near a surface, confinement leads to entropic forces on the polymer which are measurable with the enhanced sensitivity of current experimental devices (e.g. AFM and optical tweezers) [22, 23] . Entropic forces are also the main driving force for polymer escape from confined geometries [24] . For a polymer in an asymmetric confinement such as a cone, difference in the entropy of the polymer in the two sides results in an entropic force on the polymer toward the larger side [25] .
In a previous work, the authors studied the translocation of a flexible polymer through a cone-shaped nanochannel, using MD simulations. It was shown that the entropic force from the cone results in a forced polymer translocation. The passage time was shown to have a non-monotonic dependence on the cone angle and a slight dependence on the cone length. A theoretical description was developed for a flexible polymer inside a cone. Small and large cone angles were studies separately, because of the crowding effect in front of the nano-channel in small angles. The number of monomers inside the nano-channel and the entropic force was obtained for a polymer inside a closed cone and inside an open coneshaped channel. It was shown that the theory can explain the translocation time dependence on the cone angle and length, qualitatively [25] .
In this paper, we use Molecular Dynamics (MD) simu-
(a) Schematics of the polymer inside a long cone-shaped channel (Case I). α is the apex angle and D0 is the opening diameter of the channel, where the polymer end is fixed. The blob size ξ(x) is equal to the local diameter of the channel at position x. The polymer is stretched along the channel to size R || . The asymmetric shape of the channel exerts an entropic force on the polymer toward the base of the channel. (b) For a finite channel, a long enough polymer extends to outside the channel (Case II). L defines the channel length along it symmetry axis. The length, the apex angle and the opening diameter of the channel determines the number of monomers that lie inside the channel and the entropic force. (c) A second method to define the blobs. The blobs are tangent to the cone surface and cannot penetrate each other. The first blob is tangent to the beginning of the channel. The number of monomers inside the first blob and the size of the first blob are used to find the limits of applicability of the theory in the cases I and II, respectively.
lations to further investigate a polymer confined inside a cone-shaped nano-channel. A flexible polymer that one of its ends is fixed inside the channel is studied by two different sets of simulations. In the first set, the channel is so long that the polymer is completely confined inside it (Case I). Extension of the polymer along the channel axis and the entropic force on the polymer are studied in these simulations. It is seen that the polymer extension along the channel rapidly decreases with the cone angle. However, the force has no considerable dependence on the channel angle and the polymer length. In the second set of simulations, the polymer is so long that more than half of the monomers lie outside the channel (Case II). The number of monomers that remain inside the channel and the force on the polymer are investigated, in this case. The number of monomers inside the channel is found to increase with the channel angle, especially for longer channels. However, the force dependence on the channel length is ignorable. Despite the case I, dependence of the force on the channel angle is considerable, in these simulations. These results on the dependence of the force on the properties of the cone-shaped channel can be important in the design of nano-pores for practical purposes. The force arisen from the asymmetric shape of the channel on the polymer is around four times the force from thermal fluctuations. So, its effects on the polymer behavior in experimental conditions can be significant which is explained in details in this manuscript.
The results of MD simulations are also used to check the correctness of the theoretical framework developed in Ref. [25] , quantitatively. It is shown that the four sets of data obtained from the cases I and II can be fitted with the theoretical functions, with only three fit parameters. The theory also explains the distribution of monomers inside the channel. The excellent agreement between the theory and the simulations confirms the strength of the theory in description of a polymer in conical confinement.
The manuscript is organized as follows. In the next section, a brief review of the theory of Ref. [25] and some new notes are presented. In section III, the simulation method is described. The simulation results and their agreement with the theory are explained in section IV. The last section contains a summary of the manuscript, as well as discussions on the correspondence of the results with related experiments and the previously published results.
II. THEORY
As case I, consider a flexible polymer that one of its ends is fixed at the tip of an infinitely long cone-shaped channel ( Fig. 1(a) ). In polymer physics, the blob approach is commonly used to study polymer confinement. In length scales smaller than the blob size, the polymer does not feel that it is confined; while, at length scales larger than the blob size, the confinement is dominant. For a polymer inside a cone, the blob size depends on the position along the axis. The blob size is proportional to the local diameter of the channel; ξ(x) ∼ D 0 + 2(x + a) tan α. D 0 and α are the diameter of the beginning of the channel and the apex angle of the channel, respectively. a is the distance along the channel axis between the fixed end of the polymer and the beginning of the channel. Here, a is a mathematical tool and is set equal to zero, after calculations. For clarity, this parameter is not shown in Fig. 1 . ξ(x) dx. So the linear density of the monomers along the channel axis
Accordingly, the linear density of the monomers changes with the local diameter of the channel to the power 0.7. The polymer extension along the channel, R || , is obtained by equating the integral over the number density of the monomers with the total number of monomers of the polymer; N ∼ R || 0 λ(x)dx. The relation between N and R || becomes
(2) On the other hand, the free energy of confining the polymer is calculated from
(3) The entropic force on the polymer originates from the tendency of the polymer toward the channel base, where it has more space available and larger entropy. As a result, the force is proportional to the changes in the free energy of the polymer when the polymer moves toward the channel base. For a given value of N , the force is calculated from the derivative of the free energy with respect to the position of the fixed end of the polymer, a. Equation 3 describes the free energy as a function of the polymer extension R || , which is itself a function of the parameter a. Considering these points, the force becomes
D0
. The derivative of R || with respect to a is found from eq. 2. After calculation of the derivatives, a is set equal to zero. The force is obtained as [25] 
Constant B is multiplied into equation 2 to convert it into equality. Then, this equation is rearranged to give the polymer extension R || as a function of the total length of the polymer N and the channel angle α and tip diameter D 0 ;
A is introduced as constant of proportionality into equation 4. Then, equation 5 is substituted into equation 4 to obtain the force as a function of the polymer and the channel parameters;
The tilde sign shows that the lengths and the force are scaled with b and kB T b , respectively. For case II, consider the polymer confined inside a cone-shaped channel of finite length L (the length of the cone-shaped channel along its symmetry axis, see Fig.  1(b) ). Trivially, some of the monomers remain outside the channel, for long enough polymers. So, the channel length determines the force and the number of monomers of the polymer that are inside the channel. In this case, N represents the number of monomers inside the channel. Indeed, the monomers outside the channel do not contribute to the entropic force on the polymer, because they do not feel any confinement. In other words, freeenergy of the polymer segment outside of the channel does not depend on a. Taking a = 0 and substituting L for R || , equation 2 describes the number of monomers inside the channel versus the channel parameters L, α and D 0 ;
The force exerted on the polymer as a function of the channel parameters is obtained from equation
A and B are the previously introduced proportionality constants.
There is another method to define the confinement blobs for a polymer inside a cone-shaped channel [25] ( Fig. 1(c) ). The blobs can be defined as spheres that are tangent to the internal surface of the channel and cannot penetrate each other. The size of the blob at each point becomes ξ(x) = D 0 cos α + 2x sin α. The first blob is restricted to be tangent to the beginning of the channel,
2 . Using these two relations, the size of the first blob is obtained as ξ(x 1 ) ∼ D0 cos α 1−sin α . The number of monomers inside the first blob is obtained
) and g(x 1 ) can be used to find the limits of applicability of the theory of a polymer confined inside a cone-shaped nano-channel in the two cases. If the total number of the monomers is smaller than g(x 1 ) in case I, the infinite channel would have no confining effect on the polymer. In case II, ξ(x 1 ) gives the shortest length of the cone-shaped channel that exerts an entropic force on the polymer. For example, with D 0 = 1.4b and α = 50
• , one obtains g(x 1 ) = 10 and ξ(x 1 ) = 4b.
III. SIMULATION METHOD
Coarse-grained MD simulations using ESPResSo [26] are employed to study a flexible polymer confined inside a cone-shaped nano-channel. The polymer is modeled by a bead-spring chain. The monomers interact with each other and the channel walls, via the shifted and truncated Lennard-Jones potential U LJ = 4ǫ At the beginning of the simulations, the polymer is arranged on the cone axis. The first monomer at the tip of the channel is fixed during the simulations. All simulations are continued for 5N 2 time units. The polymer relaxation time is of the order of the polymer length to the power two. As a result, averages of different quantities are measured after the time N 2 . These quantities are calculated at each time unit (or equally after each 100 time steps) of the simulations. Totally, 4N
2 configurations of the system are used to calculate the averages. Prior to calculation of the total average of the force, moving-average is used to reduce the noise in the force data. The noise results from random motions of the polymer on short time scales that the polymer does not feel the confinement. To this end, the force value at each time is replaced by the average of the force over a time interval starting from the specified time and spanning over The smallest diameter of the channel D 0 is taken equal to 1.4b. The channel angle is changed from 1
• to 50
• . Two sets of simulations are performed. In case I, the channel length is taken to be two times the total length of the polymer. Three different values for the number of monomers of the polymer, 100, 200 and 300 are examined. In case II, the number of monomers of the polymer is determined such that more than half of the monomers lie outside the channel. Test simulations show that further increasing the total number of monomers do not affect the results in this case. Channel lengths 10b, 15b and 20b are tested. In the first case, the radius of gyration and the end-to-end vector of the polymer parallel to the channel axis are calculated. In the second case, the number of monomers inside the channel is counted. To find the entropic force on the polymer, sum of the LennardJones forces that the monomers exert on the channel wall is calculated. The result of the force summation is then averaged over time. It is observed that only the compo- • , 5
• and 20
• are tested. Data points corresponding to some of the monomers of the two polymer ends are not shown, to remove the ends effect. According to the theory, the linear density of the monomers along the channel axis is proportional to the local diameter of the channel to the power 0.7 (Eq. 1). The slope of the solid line is 0.7 for comparison with the theory. Inset: Simulation results for the linear density of the monomers along the channel axis. Solid lines show the theoretical prediction; λ(x) = P (D0 + 2x tan(α)) 1 ν −1 .D0 = 1.4 and ν = 0.588 are used and the proportionality constant P is taken as the fit parameter. For all the curves, P = 0.7 is obtained.
nent of the average force parallel to the channel axis is nonzero. The average entropic force exerted by the channel to the polymer is equal in magnitude but opposite in direction to the above-mentioned forces.
IV. SIMULATION RESULTS

Case I: Long channel
The linear density of the monomers along the channel axis obtained from simulations of a polymer containing 300 monomers is shown in the inset of Fig. 2 . Three different angles for the channel 1
• , 5
• are examined. Log-log plot of the linear density of the monomers versus the local diameter of the channel is shown in the main panel of Fig. 2 . Data points related to the two ends of the chain are eliminated. The slope of the solid line is 0.7, the exponent predicted by Eq. 1 of the theory. The data is irregular at small values of the local diameter affected by the fixed end of the polymer.
The radius of gyration of the polymer parallel to the In simulation of each polymer, the length of the channel is taken equal to two times of the contour length of the polymer. The radius of gyration of the polymer along the channel axis (a) and the entropic force on the polymer (b) are shown versus the channel angle. Although the radius of gyration of the polymer changes rapidly with the channel angle, the entropic force has a weak dependence on the channel angle. The force also depends weakly on the polymer length. This shows that the entropic force originates mainly from the narrow tip of the channel. A schematic of the polymer inside the long channel is also shown in the panel (b).
channel axis versus the channel angle is shown in Fig.  3(a) . The channel angle is changed from 1
• . Three different polymer lengths N = 100, 200 and 300 are examined. The radius of gyration decreases rapidly with the channel angle. Its dependence on the polymer length is considerable in small angles. However, the difference between the three polymers becomes negligible in larger angles. The entropic force on the polymer versus the channel angle is shown in Fig. 3(b) . Despite the radius of gyration of the polymer, the force has a week dependence on the channel angle. Although, the force on the longer polymer is larger for all angles, there is only a slight difference between the forces acting on the polymers of different lengths. This is because the entropic force on the polymer is exerted mainly by the narrow parts of the channel. Overall, the force is around 3.8k B T /b for different channel angles and polymer lengths. Indeed, the magnitude of the entropic force mainly depends on the diameter of the channel in its tip side, D 0 . The important note is that this entropic force is larger than k B T and its effect can be considerable in practical situations.
Equations 5 and 6 describe the polymer in the long channel corresponding to case I. These equations give the polymer extension along the channel and the force on the polymer as a function of the channel angle and the polymer length. It can be deduced from these equations that if R || tan α and f are plotted versus N tan α, all data points would fall on a master curve. Figures 4(a) and 4(b) show the previous figures of case I, with modified axes. It is observed that the curves related to different polymer lengths collapse onto a single curve, according to one's expectation.
Case II: Long polymer
Simulation results for linear density of the monomers along the channel axis are sketched in Fig. 5 , for monomers inside the channel. Four different angles for the channel 1
• , 20
• and 50
• are examined. The log 10 -log 10 plot of the scaled linear density versus the local diameter for points away from the tip of the channel is shown in the inset of Fig. 5 . The slope is close to the theoretical value, 0.7.
The number of monomers that are inside the channel is plotted in Fig. 6(a) . The number of monomers inside the channel increases with the channel angle. This increase is especially considerable for the longer channel with L = 20b. The entropic force on the polymer versus the channel angle is shown in Fig. 6(b) . The force dependence on the channel angle is stronger than case I, which is due to the finite length of the channel. However, despite the growing number of monomers inside the channel (Fig. 6(a) ), the force on the polymer does not change with the channel length. This again results from the fact that the force originates mainly from the narrow sections of the channel. In Fig. 6(b) , the angles between 1
• and 5
• are also included to compare the results with those of Ref. [25] . It is seen that the force is a monotonic function of the channel angle. This contradicts with functionality of the translocation time of a polymer through a coneshaped channel, which is a non-monotonic function of the channel angle. It confirms the assumption of Ref. [25] that this non-monotonic behavior is a consequence of the non-equilibrium nature of the translocation process. As the polymer passes through the channel, the monomers crowd at the channel exit and the cone-shaped channel becomes similar to a closed cone-shaped space, for small apex angles.
Equations 7 and 8 describe the long polymer in the channel corresponding to case II. These equations give the number of monomers inside the channel and the force on the polymer versus the channel length and angle. Here, one should plot N tan α and f versus L tan α to have all the data points collapsed on a master curve. The values obtained for A and B in case II are substituted in equation 6, to describe the force exerted by the cone in case I. The resulting function is sketched in Fig. 4(b) . It is seen that the theory describes the simulation results very well. Equation 5 describe the extension of the polymer R || inside the cone-shaped nano-channel. However, the radius of gyration of the polymer R g is measured in the simulations. These two quantities are pro- portional to each other, for long channels. As a result, it is necessary to define a third proportionality constant C. Equations 5 and R || = CR g are fitted to the simulation results. The theoretical function is in excellent agreement with the simulation results. The fit parameter is obtained as C = 3.5. This value is equal to the ratio of the end-to-end vector of the polymer to its radius of gyration, from simulation results. 
Force dependence on the tip diameter
In the simulations of case I, the force does not depend on the polymer length. This means that the force originates mainly from the narrow part (the tip side) of the channel. This is also observed in further simulations; by changing D 0 from 1.26b to 3.5b, the force drops from • are shown with symbols in Fig. 8 . This strong dependence of the force on the tip diameter of the channel can be independently obtained from eq. 6 of the theory. The force however depends weakly on the other parameters of the system in case I (the channel angle and the • . The values ν = 0.588, A = 5.29 and B = 0.35 are used in Eq. 6 to obtain the theoretical prediction shown with the solid line. The force dependence on the tip diameter is considerable, comparing with its dependence on the polymer length and the channel angle shown in Fig. 3(b) . A good qualitative agreement can be seen between theory and the simulation data.
polymer length), according to both the theory and the simulations. For case II, the theory also predicts a sharp change of the force with the tip diameter of the channel.
V. SUMMARY AND DISCUSSION
In summary, we have studied polymer confinement inside a cone-shaped channel, theoretically and using MD simulations. The problem is considered in two cases: (I) the channel is longer than the polymer, and (II) the polymer is longer than the channel. The polymer extension along the channel and the number of monomers of the polymer that lie inside the channel are examined in cases I and II, respectively. The entropic force originated from the asymmetric shape of the channel is investigated in both cases. It was shown that the polymer extension along the channel and the number of monomers inside the channel change rapidly with the channel angle and length. However, the force from the channel in case I does not depend on the polymer length and the channel angle. In case II, the entropic force depends on the channel angle for small values of the apex angle. In both cases, the force depends strongly on the opening diameter of the channel.
It is also instructive to have a comparison between the results presented here and those of Ref. [25] . Polymer translocation through a cone-shaped nano-channel under no external forces has been consiered in Ref. [25] , while the entropic force and the static properties of the polymer are studied in equilibrium condition in the present study. In Ref. [25] , the entropic force from the nano-channel is the driving force for the translocation process. According to the present study, the entropic force increases and saturates with the apex angle. Because the entropic force is the driving force of the translocation process, one expects the translocation time to decrease and then plateau with the angle. This trend is generally observed in the results of ref. [25] . The translocation time reduces sharply from that of a cylindrical channel in small apex angles. However, a slight local maximum is observed afterwards in the middle values of the apex angle. This is related to the non-equilibrium crowding of the monomers behind the nano-channel at forced polymer translocation. The crowding effect increases with the driving force and decreases with the area of the channel exit. According to the present study, the entropic force reaches to its highest value at α = 20
• and then plateau. The local maximum of the translocation time is observed around this angle and then there is a plateau in larger angles. In the previous study, the translocation time had a weak dependence on the channel length, in agreement with the results of the present study.
According to the present simulation results, the force from the channel has a maximum around 4 kB T b , where b is the monomer size. If we consider the translocating polymer to be single-stranded DNA (ssDNA), the size of the coarse-grained monomers is around 1nm [28] . So, the entropic force from the cone can be as large as 16pN , which can be considerable in practical situations.
In experiments, the MspA protein channel has an apex angle around 10
• and an opening diameter of D 0 = 1.2b [29] . ssDNA is usually entered into the MspA through its base, using an applied electric voltage. It is possible to immobilize the strand inside the nano-channel, using a hairpin construct at one end [13] or a DNA polymerase [14] . The entropic force on the immobilized ssDNA from the MspA channel can be calculated theoretically from eq. 8, which is approximately equal to 16pN . Although a detailed knowledge of the electric field inside the coneshaped channel is required to find the electric force, it can be estimated using the relation F elc = q ∆V ℓ . Most of the applied electric voltage ∆V falls on the narrow constriction of the cone-shaped nano-channel and one can assume an effective length for the nano-channel ℓ = 2nm. q is the total charge of the nucleotides that are inside this effective length. Each nucleotide has 0.3nm length and one electron charge, e. The applied voltage difference that gives an electric force equal to the entropic force from the channel can be obtained as ∆V = 30mV .
Experimentally, the threshold voltage required to keep ssDNA inside the MspA channel can be measured. The threshold voltage depends on the entropic contributions both from the nano-channel and the membrane containing the nano-channel. An immobilized polymer inside a nano-channel can be divided into three segments: the segment inside the channel and the two arms outside the channel. Each of the two outside arms of the polymer is nearly fixed on the wall containing the nano-channel. The wall reduces the available configurations for the polymer and thus exerts an entropic force on the polymer [30] . Comparison between the threshold voltage of MspA and that of a cylindrical nano-channel can be used to separate the two entropic contributions. ssDNA fixed inside a cylindrical nano-channel (such as α-hemolysin) feels only the entropic force from the wall and can be used as a reference to find the entropic force from the MspA channel.
In the experiments of ssDNA translocation through MspA, the voltage difference ∆V = 180mV is often used which gives an electric force equal to 96pN on the strand. The polymer is often entered from the base of the coneshaped channel, to achieve higher capture rates [31, 32] . In this condition, the entropic force from the channel acts against the direction of the polymer entry and can reduce the capture rate. However, non-equilibrium effects are determining in polymer translocation. The polymer becomes stretched when it enters the pore [20, 34] and the monomers crowd close to the pore after the passage. As ssDNA enters from the base of the MspA channel, crowding does not alter the entropic force but stretching can reduce interaction of the polymer with the channel walls and decrease the entropic force.
Finally, the theory and the simulation results for the polymer configuration and the entropic force on the polymer inside a cone-shaped channel are in good agreement. The simulation results are well fitted with theoretical functions. It was shown that the entropic force from the channel can be significant in ssDNA translocation through MspA channel. In these experiments, the entropic force depends on the angle and the tip diameter of the channel, and not on the channel length. It means that changing the angle of the cone-shaped channel may have a determining role in polymer translocation but changing the channel length has no noticeable effects. This point can be considered in the design of cone-shaped channels through protein engineering [14] , or through solid state methods in fabricating solid-state cone-shaped channels [33] . In some experiments, the polymers are used to alter transport properties of cone-shaped nano-channels [16] . Distribution of monomers and the polymer extension inside the cone-shaped nano-channel are important in these experiments. The obtained results give a detailed view on these quantities.
